In this paper, we establish reverse Hölder's inequality on time scales via diamond integral, which is defined as an 'approximate' symmetric integral on time scales. Moreover, we give some generalizations of diamond integral Hölder's inequality which is due to Brito da Cruz et al. Several other related inequalities are also presented.
Introduction
The famous inequality due to Hölder can be stated as follows (see [, ] ). Hölder's inequality is of great interest in the qualitative theory of differential equations as well as other branches of mathematics.
In [] , the authors obtained the delta integral Hölder inequality on time scales as follows. The purpose of this paper is to establish a reverse version and some generalizations of inequality (.). Some other related results are also considered. This paper is organized as follows. In Section , we introduce basic definitions and some preliminary results which are necessary in the sequel. Namely, we briefly introduce the nabla and the delta calculus [, ] . We also present the notions of diamond-α integral and diamond integral which is defined as an 'approximate' symmetric integral on time scales, respectively [, -]; in Section , we give the main results; in Section , we establish some further generalizations and refinements of diamond integral Hölder's inequality; in Section , a subdividing of Hölder's inequality is obtained.
Preliminaries
A time scale T is an arbitrary nonempty closed subset of real numbers and has the topology that it inherits from the real numbers with the standard topology. Let T be a time scale. We consider two jump operators. The forward jump operator σ : T → T denoted by σ (t) := inf{s ∈ T : s > t} with inf ∅ = sup T (i.e., σ (M) = M if T has a maximum M); and the backward jump operator ρ : T → T denoted by σ (t) := sup{s ∈ T : s < t} with sup ∅ = inf T (i.e., ρ(m) = m if T has a minimum m). Let
T is finite and left-scattered, T, o t h e r w i s e ,
T is finite and right-scattered, T, o t h e r w i s e .
We set T
if there is a number f (t) with the property that for all ε > , there exists a neighborhood U of t such that
If f is delta differentiable for all t ∈ T κ , then f is said to be delta differentiable.
Definition . ([]) Let
T be a time-scale and f : T → R. f is called nabla differentiable at t ∈ T κ if there is a number f ∇ (t) with the property that for all ε > , there exists a neigh-
In what follows, assume that a, b ∈ T with a < b,
holds true for all t ∈ T κ . We may define the delta integral of f from a to b
holds true for all t ∈ T κ . We may define the nabla integral of g from a to b
For the properties of the delta and nabla integrals, please refer to [, ] .
κ if there is a number f ♦ α (t) with the property that for all ε > , there exists a neighborhood U of t such that, for all s ∈ U,
If f is both nabla and delta differentiable at t ∈ T κ κ , then f is diamond-α differentiable at t and
, then we obtain the delta derivative; if α =  in (.), then we obtain the nabla derivative.
Remark . The diamond-α derivative was defined by equality (.) in [] .
where h is both delta and nabla integrable on [a, b] T .
For related results concerning the diamond-α integral, please refer to [-] and the references therein.
In [] , the authors defined the real function γ by
The above function is very important in the definition of diamond integral (Definition .). We see that γ is well defined,  ≤ γ (t) ≤  for all t ∈ T, and
where γ f is delta integrable and (
The ♦-integral has the following properties which are introduced in [] .
For more properties of the ♦-integral, please refer to [].
Main results
In the section, we establish and prove our main results.
Theorem . (Diamond integral Hölder
Then we have the following assertion:
Proof This proof is the same as the proof of Theorem  in [] . Therefore, we omit it here.
Remark . For h(x) =  in Theorem ., inequality (.) reduces to inequality (.).
Theorem . (Diamond integral reverse Hölder
we have the following assertion:
Proof Without loss of generality, we assume that
and let
Since both functions ξ (x) and γ (x) are ♦-integrable on [a, b] T , applying the following reverse Young inequality (see [] )
with equality holds if and only if x = y, we have
This leads to the desired inequality.
Remark . For h(x) =  in Theorem ., inequality (.) is a reverse version of inequality (.).
Combining Theorem . and Theorem ., we can establish the following generalization. 
, applying the following Hölder inequality []:
Applying inequality (.), we have
from the above result, we immediately arrive at Minkowski's inequality and the theorem is completely proved.
From Theorem . and Theorem ., the following generalization is obtained. 
Next, we give an analogue of Corollary .. 
, we obtain the following inequality:
from the above inequality, we obtain
by integrating the above inequality with respect to x, we obtain the desired result.
it follows from the above inequality that
by integrating the above inequality with respect to x, the desired result is obtained. Now, we establish some improvements of diamond integral Minkowski's inequality in the following theorem.
Theorem . Let f , g, h : T → R be ♦-integrable on [a, b] T , p > , s, t ∈ R\{}, and s = t. () Let p, s, t ∈ R be different such that s, t >  and (s -t)/(p -t) > . Then
b a h(x) f (x) + g(x) p ♦x ≤ b a h(x) f (x) s ♦x  s + b a h(x) g(x) s ♦x  s s(p-t)/(s-t) × b a h(x) f (x) t ♦x  t + b a h(x) g(x) t ♦x  t t(s-p)/(s-t) . (.) () Let p, s, t ∈ R be different such that  < s <  and  < t <  and (s -t)/(p -t) < . Then b a h(x) f (x) + g(x) p ♦x ≥ b a h(x) f (x) s ♦x  s + b a h(x) g(x) s ♦x  s s(p-t)/(s-t) × b a h(x) f (x) t ♦x  t + b a h(x) g(x) t ♦x  t
t(s-p)/(s-t)
.
(.)

Proof () We have (s -t)/(p -t) > , and
b a h(x) f (x) + g(x) p ♦x = b a h(x) f (x) + g(x) s (p-t)/(s-t) f (x) + g(x) t (s-p)/(s-t) ♦x,
by using Hölder's inequality (.) with indices (s -t)/(p -t) and (s -t)/(s -p), we have
(.)
On the other hand, by using Minkowski's inequality (.) for s >  and t > , respectively, we can see that the following assertions hold true:
From (.), (.) and (.), we obtain the desired result.
() We have (s -t)/(p -t) <  and
by using reverse Hölder's inequality (.) with indices (s -t)/(p -t) and (s -t)/(s -p), respectively, we have
(.)
On the other hand, in view of reverse Minkowski's inequality (.) for the cases of  < s <  and  < t < , we can see that the following assertions hold true:
By (.), (.) and (.), we get the desired result.
 < s, t < , and letting ε → , we obtain (.). 
Proof Based on ♦-integral Hölder's inequality (.) and Minkowski's inequality (.), we have
From (.) and (.), we get (.). 
Proof Let α  ≥ , α  ≥ , β  > , and β  > , and - < λ < , using the following Radon inequality (see [] ):
and let λ = r p-r , from (.) to (.), it follows that Assume that f (x) and g(x) are nonzero, let W , M, N be as in the proof of Theorem ., from the above inequality, we have
That is,
Hence, we have
Based on the above inequality, we obtain
From (.) to (.), we obtain reverse Dresher's inequality and the theorem is completely proved. 
Some further generalizations of Hölder's inequality
The aim of this section is to derive some new generalizations and refinements of Hölder's inequality on time scales. 
Theorem . Assume that T is a time scale, a, b ∈ T with a < b and p
k > , α kj ∈ R (j = , , . . . , m, k = , , . . . , s), s k=  p k = , s k= α kj = , f j , h : T → R. If h and f j are ♦-integrable on [a, b] T , then the following assertions hold true. () For p k > , one has b a h(x) m j= f j (x) ♦x ≤ s k= b a h(x) m j= f j (x) +p k α kj ♦x /p k . (  .  ) () For  < p s < , p k <  (k = , , . . . , s -), f +p k α kj j is ♦-integrable on [a, b] T , one has b a h(x) m j= f j (x) ♦x ≥ s k= b a h(x) m j= f j (x) +p k α kj ♦x /p k . (  .  ) Proof () Let g k (x) = m j= f +p k α kj j (x) /p k . (  .  ) () For p k > , one has b a h(x) m j= f j (x) ♦x ≤ m k= b a h(x) m j= f j (x) -t f k (x) p k t ♦x /p k . (  .  ) () For  < p m < , p k <  (k = , , . . . , m -), one has b a h(x) m j= f j (x) ♦x ≥ m k= b a h(x) m j= f j (x) -t f k (x) p k t ♦x /p k . (  .  ) Theorem . Assume that T is a time scale, a, b ∈ T with a < b and p k > , r ∈ R, α kj ∈ R (j = , , . . . , m, k = , , . . . , s), s k=  p k = r, s k= α kj = , f j , h : T → R.() For rp k > , one has b a h(x) m j= f j (x) ♦x ≤ s k= b a h(x) m j= f j (x) +rp k α kj ♦x /rp k . (  .  ) () For  < rp s < , rp k <  (k = , , . . . , s -), f +rp k α kj j is ♦-integrable on [a, b] T , one has b a h(x) m j= f j (x) ♦x ≥
A subdividing of diamond integral Hölder's inequality
In this section, we give a subdividing of Hölder's inequality as follows. and in view of s <  < t or s >  > t, we have
